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Àííîòàöèÿ

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà âåñîâûõ ïðåîáðàçîâàíèé �àäîíà ñèì-

ìåòðè÷íûõ 2-òåíçîðíûõ ïîëåé â R
3
. Óñòàíîâëåíû ñâÿçè âåñîâûõ ïðå-

îáðàçîâàíèé �àäîíà òåíçîðíûõ ïîëåé ðàíãà 2 è ïðåîáðàçîâàíèÿ �àäî-

íà èõ ïîòåíöèàëîâ. Ýòè ñâÿçè äàþò îïèñàíèå ÿäåð è îáðàçîâ òîìîãðà-

�è÷åñêèõ èíòåãðàëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ íà òåíçîðíûå ïîëÿ.

�àññìîòðåíû âàðèàíòû ïîñòàíîâîê çàäà÷ âîññòàíîâëåíèÿ ñèììåòðè÷-

íûõ 2-òåíçîðíûõ ïîëåé ïî çíà÷åíèÿì ñîâìåñòíî çàäàííûõ íîðìàëüíî-

ãî, ïðîäîëüíûõ è âåñîâûõ ïðåîáðàçîâàíèé �àäîíà, ïîëó÷åíû �îðìóëû

îáðàùåíèÿ.

Êëþ÷åâûå ñëîâà è �ðàçû

Òåíçîðíàÿ òîìîãðà�èÿ, ðàçëîæåíèå òåíçîðíîãî ïîëÿ, îáîáùåííîå ïðå-

îáðàçîâàíèå �àäîíà, âåñîâîå ïðåîáðàçîâàíèå �àäîíà, �îðìóëà îáðàùå-

íèÿ.
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Abstra
t

The paper investigates the properties of weighted Radon transforms of

symmetri
 2-tensor �elds in R
3
. The relationships between the weighted

Radon transforms of tensor �elds of rank 2 and the Radon transform of

their potentials are established. These 
onne
tions provide a des
ription of

kernels and images of tomographi
 integral operators a
ting on tensor �elds.

Variants of problem statements for the re
onstru
tion of symmetri
 2-tensor

�elds from the values of jointly de�ned normal, longitudinal and weighted

Radon transforms are 
onsidered, inversion formulas are obtained.
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134 Âåñîâûå ïåðîáðàçîâàíèÿ �àäîíà

Ââåäåíèå

Õîðîøî èçâåñòíà (ñì., íàïðèìåð, [1, 2, 3℄) çàäà÷à êîìïüþòåðíîé òî-

ìîãðà�èè, çàêëþ÷àþùàÿñÿ â ðåêîíñòðóêöèè íåèçâåñòíîé �óíêöèè ïî ñå-

ìåéñòâàì å¼ èíòåãðàëîâ âäîëü ïðÿìûõ (ëó÷åâûå ïðåîáðàçîâàíèÿ) èëè ïî

ïëîñêîñòÿì (ïðåîáðàçîâàíèå �àäîíà). Ìåòîäû å¼ ðåøåíèÿ ìíîãî÷èñëåííû

è âêëþ÷àþò êàê òî÷íûå �îðìóëû îáðàùåíèÿ, òàê è ðàçëè÷íûå ÷èñëåííûå

àëãîðèòìû. Çíà÷èòåëüíîå ÷èñëî èññëåäîâàíèé ïîñâÿùåíî çàäà÷àì òåíçîð-

íîé òîìîãðà�èè, â êîòîðûõ òðåáóåòñÿ ïî èçâåñòíûì çíà÷åíèÿì ëó÷åâûõ

ïðåîáðàçîâàíèé ðåêîíñòðóèðîâàòü òåíçîðíîå ïîëå èëè åãî ÷àñòü. Íàèáîëåå

èçâåñòíà ïîñòàíîâêà, â êîòîðîé íåîáõîäèìî îïðåäåëèòü ñîëåíîèäàëüíóþ

÷àñòü âåêòîðíîãî èëè ñèììåòðè÷íîãî òåíçîðíîãî ïîëÿ ïî åãî ïðîäîëüíî-

ìó ëó÷åâîìó ïðåîáðàçîâàíèþ [4, 5, 6℄. Äëÿ ïîëíîãî âîññòàíîâëåíèÿ ïîëÿ

íåîáõîäèìû äîïîëíèòåëüíûå äàííûå. Íàïðèìåð, ìîæíî ðàññìîòðåòü ïî-

ïåðå÷íûå è ñìåøàííûå ëó÷åâûå ïðåîáðàçîâàíèÿ. Ýòè îïåðàòîðû èññëå-

äîâàëèñü â äâóìåðíîì ïðîñòðàíñòâå [7, 8℄ è ïðîñòðàíñòâå ïðîèçâîëüíîé

ðàçìåðíîñòè [9℄. Äðóãàÿ âîçìîæíîñòü � èñïîëüçîâàòü ëó÷åâûå ïðåîáðàçî-

âàíèÿ ìîìåíòîâ (ëó÷åâûå ïðåîáðàçîâàíèÿ ñ âåñîì) âåêòîðíûõ è òåíçîðíûõ

ïîëåé. Ëó÷åâûì ïðåîáðàçîâàíèÿì ìîìåíòîâ â R
2
è R

n
ïîñâÿùåíî ìíîãî

ðàáîò, â êîòîðûõ íàðÿäó ñ òåîðåòè÷åñêèì èññëåäîâàíèåì [10, 11, 12, 13℄,

ïðåäëîæåíû �îðìóëû èëè ïðîöåäóðû îáðàùåíèÿ [10, 11, 13, 14, 15℄. Â

ðàáîòàõ [16, 17, 18℄ ÷èñëåííî ðåàëèçîâàíû àëãîðèòìû âîññòàíîâëåíèÿ 2D

âåêòîðíûõ è òåíçîðíûõ ïîëåé ïî ëó÷åâûì ïðåîáðàçîâàíèÿì èõ ìîìåíòîâ.

Â òî âðåìÿ êàê çàäà÷å âîññòàíîâëåíèÿ 3D âåêòîðíûõ è òåíçîðíûõ ïîëåé

ïî îáîáùåííûì ïðåîáðàçîâàíèÿì �àäîíà (âåñîâûì è áåçâåñîâûì) ïîñâÿ-

ùåíî çíà÷èòåëüíî ìåíüøå ðàáîò.

Ïðåäìåòîì èññëåäîâàíèÿ, â ðàìêàõ íàñòîÿùåé ñòàòüè, ÿâëÿþòñÿ îáîáùåí-

íûå ïðåîáðàçîâàíèÿ �àäîíà (íîðìàëüíîå, ïðîäîëüíûå è âåñîâûå), ïîä-

ûíòåãðàëüíûå âûðàæåíèÿ â îïðåäåëåíèÿõ êîòîðûõ ïðåäñòàâëÿþò ñîáîé

ëèíåéíûå êîìáèíàöèè ïðîèçâåäåíèé êîìïîíåíò 3D ñèììåòðè÷íîãî 2-òåí-

çîðíîãî ïîëÿ è êîìïîíåíò íîðìàëüíîãî âåêòîðà è (èëè) êîìïîíåíò âåêòî-

ðîâ êîìïëàíàðíûõ ïëîñêîñòè èíòåãðèðîâàíèÿ. Òî÷íûå îïðåäåëåíèÿ èíòå-

ãðàëüíûõ îïåðàòîðîâ ïðèâåäåíû â �àçäåëå 1.

Â ðàáîòå Ïðèíñà [19℄ èçó÷àëèñü çîíäèðóþùèå èçìåðåíèÿ (ñîãëàñíî òåðìè-

íîëîãèè íàñòîÿùåé ñòàòüè, ýòî íîðìàëüíîå è ïðîäîëüíûå ïðåîáðàçîâàíèÿ

�àäîíà), äåéñòâóþùèå íà âåêòîðíûå ïîëÿ â R
3
. Ïîçäíåå áûëî ïîêàçàíî,

êàê ýòè èçìåðåíèÿ ìîæíî ïîëó÷èòü ñ ïîìîùüþ ìàãíèòíî-ðåçîíàíñíîãî

ñêàíåðà [20℄. Ïðèíñ ïîêàçàë â [19, 20℄, ÷òî äëÿ ðåêîíñòðóêöèè ïîòåíöè-

àëüíîé ÷àñòè âåêòîðíîãî ïîëÿ òðåáóåòñÿ òîëüêî îäèí íàáîð çîíäèðóþùèõ

èçìåðåíèé (íîðìàëüíîå ïðåîáðàçîâàíèå �àäîíà), à äëÿ ðåêîíñòðóêöèè ñî-

ëåíîèäàëüíîé ÷àñòè òðåáóþòñÿ äâà íàáîðà èçìåðåíèé (ïðîäîëüíûå ïðåîá-

ðàçîâàíèÿ �àäîíà).
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Èññëåäîâàíèå Ïðèíñà îïðåäåëèëî ïðèíöèïû, íà îñíîâå êîòîðûõ áûëè ðàç-

ðàáîòàíû ìåòîäû èçìåðåíèÿ ïðîåêöèé òåíçîðîâ äè��óçèè ñ ïîìîùüþ

ìàãíèòíî-ðåçîíàíñíîé òîìîãðà�èè (Ì�Ò). Â ÷àñòíîñòè, â ðàáîòàõ [21, 22℄

áûë ïðåäëîæåí ìåòîä äè��óçèîííî-òåíçîðíîé òîìîãðà�èè. Ñ ïîìîùüþ

ýòîãî ìåòîäà òåíçîðíûå ïîëÿ âîññòàíàâëèâàþòñÿ ïî èçìåðåíèÿì ïðîåê-

öèé (òàê íàçûâàåìûõ íàïðàâëåííûõ ïðåîáðàçîâàíèé �àäîíà) òåíçîðíûõ

ïîëåé. Â ðàáîòå [23℄ áûë ðàçðàáîòàí ïîäõîä ê âîññòàíîâëåíèþ ãëàâíûõ

íàïðàâëåíèé äè��óçèîííîãî òåíçîðíîãî ïîëÿ íåïîñðåäñòâåííî èç äàííûõ

Ì�Ò. Èíòåðåñ ïðåäñòàâëÿþò è íåäàâíèå ðàáîòû [24, 25℄, ïîñâÿùåííûå îá-

ðàùåíèþ íîðìàëüíîãî, ïðîäîëüíûõ è ñìåøàííûõ ïðåîáðàçîâàíèé �àäîíà

3D òåíçîðíûõ ïîëåé.

Åùå îäíà âîçìîæíîñòü äëÿ ïîëíîãî âîññòàíîâëåíèÿ âåêòîðíîãî ïîëÿ �

ñîâìåñòíîå ðàññìîòðåíèå âåñîâûõ è áåçâåñîâûõ ïðåîáðàçîâàíèé �àäîíà. Â

ðàáîòàõ [26, 27℄ ïðåäëîæåí ïîäõîä ê âîññòàíîâëåíèþ òðåõìåðíîãî âåêòîð-

íîãî ïîëÿ, èñïîëüçóþùèé â êà÷åñòâå èñõîäíîé èí�îðìàöèè ñîâìåñòíûå

èçìåðåíèÿ ýëåêòðîìàãíèòíûõ è àêóñòè÷åñêèõ ñèãíàëîâ (ìàãíèòíî-àêóñòî-

ýëåêòðè÷åñêàÿ òîìîãðà�èÿ). Ìàòåìàòè÷åñêîé ìîäåëüþ òàêèõ èçìåðåíèé

ñëóæàò ïðîäîëüíûå è âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà. Â [28℄ áûëî óñòà-

íîâëåíî, ÷òî äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìû çíà÷åíèÿ âñåõ ïðîäîëüíûõ

è îäíîãî âåñîâîãî ïðåîáðàçîâàíèÿ �àäîíà, è ïðåäëîæåí àëãîðèòì ïîëíîãî

âîññòàíîâëåíèÿ âåêòîðíîãî ïîëÿ â R
n
. Äëÿ âîññòàíîâëåíèÿ ïîòåíöèàëüíîé

÷àñòè âåêòîðíîãî ïîëÿ íåîáõîäèìî îïèðàòüñÿ íà ðåçóëüòàò ïðåäâàðèòåëü-

íîãî âîññòàíîâëåíèÿ ñîëåíîèäàëüíîé ÷àñòè ðàññìàòðèâàåìîãî âåêòîðíîãî

ïîëÿ. Â ðàáîòå [29℄ ïðåäëîæåí äðóãîé ïîäõîä, ïîçâîëÿþùèé âîññòàíàâëè-

âàòü íåçàâèñèìî êàæäóþ èç ÷àñòåé 3D âåêòîðíîãî ïîëÿ.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà ñèì-

ìåòðè÷íûõ 2-òåíçîðíûõ ïîëåé â R
3
. Îáîáùåííûå ïðåîáðàçîâàíèÿ �àäîíà

3D òåíçîðíûõ ïîëåé îáëàäàþò íåòðèâèàëüíûìè ÿäðàìè, ÷òî ñóùåñòâåííî

îñëîæíÿåò ðåøåíèå çàäà÷ òåíçîðíîé òîìîãðà�èè. Âàæíóþ ðîëü â èññëåäî-

âàíèè èãðàåò äåòàëüíîå ðàçëîæåíèå ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé ðàíãà

2, ïîëó÷åííîå â [24℄. Êàê ñëåäñòâèå, ðàññìàòðèâàåòñÿ çàäà÷à ïîëíîãî âîñ-

ñòàíîâëåíèÿ òðåõìåðíîãî ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ ïî ñîâìåñòíî

çàäàííûì çíà÷åíèÿì íîðìàëüíîãî, ïðîäîëüíûõ è âåñîâûõ ïðåîáðàçîâàíèé

�àäîíà. Â ðàçäåëå 1 ïðèâîäÿòñÿ íåîáõîäèìûå ïðåäâàðèòåëüíûå ñâåäåíè-

ÿõ î äè��åðåíöèàëüíûõ è òîìîãðà�è÷åñêèõ èíòåãðàëüíûõ îïåðàòîðàõ, à

òàêæå ðàçëîæåíèÿ òåíçîðíûõ ïîëåé. �àçäåë 2 ïîñâÿùåí èçó÷åíèþ ñâîéñòâ

âåñîâûõ ïðåîáðàçîâàíèé �àäîíà 3D ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé. Â

ðàçäåëå 3 ñ�îðìóëèðîâàíû âàðèàíòû ïîñòàíîâîê çàäà÷ òåíçîðíîé òîìî-

ãðà�èè è ïîëó÷åíû �îðìóëû îáðàùåíèÿ äëÿ èõ ðåøåíèÿ. Çàêëþ÷åíèå

ñîäåðæèò êðàòêîå ðåçþìå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû è âûâîäû.
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136 Âåñîâûå ïåðîáðàçîâàíèÿ �àäîíà

� 1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü x = (x, y, z) � òî÷êà â ïðîñòðàíñòâå R
3
. Òàì, ãäå ýòî áóäåò óäîá-

íî, äëÿ êîîðäèíàò òî÷êè áóäåì èñïîëüçîâàòü åùå îäíî ñòàíäàðòíîå îáî-

çíà÷åíèå: x = (x1, x2, x3). ×åðåç Tm(R3) ìû îáîçíà÷àåì ìíîæåñòâî âñåõ

òðåõìåðíûõ òåíçîðíûõ ïîëåé ðàíãà m. Åñëè m = 0, òî ìû ðàññìàòðèâà-

åì ñêàëÿðíûå ïîëÿ (�óíêöèè). Ìû ðàññìàòðèâàåì âåêòîðíûå ïîëÿ, åñëè

m = 1, è m-òåíçîðíûå ïîëÿ, åñëè m > 2. Íåêîòîðûå îïðåäåëåíèÿ áóäóò

äàíû äëÿ ïðîèçâîëüíîãî m, íî â ñòàòüå ìû áóäåì èñïîëüçîâàòü òîëüêî

m = 0, 1, 2. Îáîçíà÷èì ÷åðåç Sm(R3) ïîäìíîæåñòâî ìíîæåñòâà Tm(R3),
ñîñòîÿùåå èç ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé ðàíãà m, ò.å. ïîëåé, èíâà-

ðèàíòíûõ îòíîñèòåëüíî ëþáûõ ïåðåñòàíîâîê èíäåêñîâ. ßñíî, ÷òî Sm(R3)
ñîâïàäàåò ñ Tm(R3) ïðè m = 0, 1.
Ìû èñïîëüçóåì îáîçíà÷åíèÿ v(x), u(x) è ò.ä. äëÿ âåêòîðíûõ è òåíçîðíûõ
ïîëåé è vi(x), uij(x) è ò.ä. äëÿ èõ êîìïîíåíò. Äëÿ íóìåðàöèè ïîòåíöèàëîâ
è ïîëåé èñïîëüçóþòñÿ âåðõíèå èíäåêñû. Íàïðèìåð, wln

ij (x) � ýòî ij-àÿ êîì-

ïîíåíòà 2-òåíçîðíîãî ïîëÿ w
ln(x) ñ äâîéíûì íîìåðîì ln.

×åðåç S(R3) ìû îáîçíà÷àåì ïðîñòðàíñòâî Øâàðöà áûñòðî óáûâàþùèõ

C∞
�óíêöèé. Àíàëîãè÷íî, S(Sm(R3)) ñîñòîèò èç ñèììåòðè÷íûõ m-

òåíçîðíûõ ïîëåé ñ êîìïîíåíòàìè èç S(R3). Ôóíêöèîíàëüíîå ïðîñòðàíñòâî
L2(S

m(R3)) ñîñòîèò èç ñèììåòðè÷íûõ m-òåíçîðíûõ ïîëåé ñ êâàäðàòè÷íî

èíòåãðèðóåìûìè êîìïîíåíòàìè. Îáîçíà÷èì ïðîñòðàíñòâà Ñîáîëåâà äëÿ

ñèììåòðè÷íûõ m-òåíçîðíûõ ïîëåé ÷åðåç Hk(Sm(R3)). Äëÿ ÷àñòíûõ ïðîèç-
âîäíûõ èñïîëüçóþòñÿ îáîçíà÷åíèÿ ϕ′

t è
∂ϕ
∂t
. Òàì, ãäå ýòî íå áóäåò âûçûâàòü

íåäîïîíèìàíèÿ, îáîçíà÷åíèå ïðîñòðàíñòâà R
3
ìû áóäåì îïóñêàòü.

1.1 Äè��åðåíöèàëüíûå îïåðàòîðû, ðàçëîæåíèÿ

âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé

Íàì ïîòðåáóþòñÿ ñëåäóþùèå äè��åðåíöèàëüíûå îïåðàòîðû.

Îïåðàòîð êîâàðèàíòíîãî äè��åðåíöèðîâàíèÿ ∇ : Hk(Tm) → Hk−1(Tm+1)
äåéñòâóåò íà òåíçîðíîå ïîëå u â ñîîòâåòñòâèè ñ �îðìóëîé

(∇u)i1...im+1
(x) =

∂ui1...im

∂xim+1

(x).

Îïåðàòîð âíóòðåííåãî äè��åðåíöèðîâàíèÿ d : Hk(Sm) → Hk−1(Sm+1)
ÿâëÿåòñÿ êîìïîçèöèåé îïåðàòîðîâ êîâàðèàíòíîãî äè��åðåíöèðîâàíèÿ ∇
è ñèììåòðèçàöèè σ è äåéñòâóåò íà �óíêöèþ f è âåêòîðíîå ïîëå v ïî

�îðìóëàì

(df)i = (∇f)i =
∂f

∂xi

, (dv)ij = (σ∇v)ij =
1

2

(

∂vi

∂xj

+
∂vj

∂xi

)

.
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Îïåðàòîð äèâåðãåíöèè δ : Hk(Sm+1) → Hk−1(Sm) ïðèìåíÿåòñÿ ê ïîëþ w

â ñîîòâåòñòâèè ñ ïðàâèëîì

(δw)i1...im =

3
∑

j=1

∂wi1...imj

∂xj
.

Îïåðàòîð ðîòîðà rot : Hk(S1) → Hk−1(S1) äåéñòâóåò íà âåêòîðíîå ïîëå v
ïî ñëåäóþùåé �îðìóëå

rotv =

(

∂v3

∂x2
−

∂v2

∂x3
,
∂v1

∂x3
−

∂v3

∂x1
,
∂v2

∂x1
−

∂v1

∂x2

)

.

Â ðàáîòàõ [30, 29, 24℄ ââåäåíû è èññëåäîâàíû îáîáùåíèÿ îïåðàòîðà

ðîòîðà. Îïåðàòîðû roti : H
k(Sm) → Hk−1(Sm+1), i = 1, 2, 3 äåéñòâóþò íà

ïîòåíöèàë ϕ ïî �îðìóëàì

rot1ϕ = rot(ϕ, 0, 0) =

(

0,
∂ϕ

∂x3
,−

∂ϕ

∂x2

)

,

rot2ϕ = rot(0, ϕ, 0) =

(

−
∂ϕ

∂x3

, 0,
∂ϕ

∂x1

)

,

rot3ϕ = rot(0, 0, ϕ) =

(

∂ϕ

∂x2
,−

∂ϕ

∂x1
, 0

)

.

Ïðèìåíåíèå ýòèõ îïåðàòîðîâ ê âåêòîðíîìó èëè òåíçîðíîìó ïîëþ

u ∈ Hk(Sm), m > 1 îïðåäåëÿåòñÿ ïðàâèëàìè rotiu = σv, i = 1, 2, 3, ãäå
êîìïîíåíòû ïîëÿ v ∈ Hk−1(Tm+1) çàäàþòñÿ �îðìóëàìè

vj1...jm+1
=

(

roti(uj1...jm)
)

jm+1
, j1, . . . , jm+1 = 1, 2, 3.

Íàïðèìåð, ïðèìåíåíèå îïåðàòîðà rot1 ê âåêòîðíîìó ïîëþ v îïèñûâàåòñÿ

�îðìóëîé

rot1v =

















0
1

2

∂v1

∂x3

−
1

2

∂v1

∂x2

1

2

∂v1

∂x3

∂v2

∂x3

1

2

(

∂v3

∂x3
−

∂v2

∂x2

)

−
1

2

∂v1

∂x2

1

2

(

∂v3

∂x3

−
∂v2

∂x2

)

−
∂v3

∂x2

















.

Äåéñòâèÿ îïåðàòîðîâ roti : Hk(Sm) → Hk−2(Sm+1), i = 1, 2, 3 íà
ïîòåíöèàë ϕ ÿâëÿþòñÿ êîìïîçèöèÿìè îïåðàòîðîâ roti è rot:
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rotiϕ = rot(rotiϕ), i = 1, 2, 3. Ïðèìåíåíèå îïåðàòîðîâ roti, i = 1, 2, 3
ê ïîëþ w ∈ Hk(Sm), m > 1 çàäàåòñÿ ïðàâèëàìè rotiw = σv, ãäå êîìïî-

íåíòû ïîëÿ v ∈ Hk−2(Tm+1) îïðåäåëÿþòñÿ ðàâåíñòâàìè

vj1...jm+1
=

(

roti(wj1...jm)
)

jm+1
, j1, . . . , jm+1 = 1, 2, 3.

Îïåðàòîðû d, roti, rot
j
, i, j = 1, 2, 3 ïåðåñòàíîâî÷íû (ïîäðîáíîñòè ñì. â

[30, 24℄). Äëÿ ïîâòîðíîãî ïðèìåíåíèÿ îïåðàòîðîâ roti, rot
j
, i, j = 1, 2, 3

áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ

rotijϕ = roti(rotjϕ), rotijϕ = roti(rotjϕ), rotijϕ = roti(rotjϕ).

Èçâåñòíî [5℄, ÷òî ïðîèçâîëüíîå òåíçîðíîå ïîëå w ∈ Hk(Sm(R3)) ìî-

æåò áûòü åäèíñòâåííûì îáðàçîì ðàçëîæåíî â ñóììó ñîëåíîèäàëüíîãî

s
w

(δ s
w = 0) è ïîòåíöèàëüíîãî du ïîëåé,

w = s
w + du, u → 0 ïðè |x| → ∞. (1)

Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [31℄), ÷òî âåêòîðíîå ïîëå v ∈ Hk(S1)
ñîëåíîèäàëüíî òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò âåêòîðíîå ïîëå

u ∈ Hk+1(S1) òàêîå, ÷òî v = rotu. Ñëåäîâàòåëüíî, äëÿ �óíêöèè ϕ âåê-

òîðíûå ïîëÿ rotiϕ, rot
jϕ, i, j = 1, 2, 3 � ñîëåíîèäàëüíûå. Â [30, 24℄ ïî-

êàçàíî, ÷òî ñîëåíîèäàëüíûìè ÿâëÿþòñÿ ñèììåòðè÷íûå 2-òåíçîðíûå ïîëÿ

rotijϕ, rot
i
jϕ, rot

ijϕ, i, j = 1, 2, 3. Áîëåå òîãî, äëÿ êàæäîãî �èêñèðîâàííîãî
i = 1, 2, 3 äëÿ ëþáîãî âåêòîðíîãî ïîëÿ v è ñèììåòðè÷íîãî 2-òåíçîðíîãî

ïîëÿ w ñóùåñòâóþò áîëåå äåòàëüíûå, ïî ñðàâíåíèþ ñ (1), ðàçëîæåíèÿ.

Èìåííî, ýòè ïîëÿ ìîãóò áûòü ïðåäñòàâëåíû â âèäå ñóìì

v = dϕ0 + rotiϕ
1 + rotiϕ2,

w = d2ϕ00 + d(rotiϕ
01) + d(rotiϕ02) + rotiiϕ

11 + rotiiϕ
12 + rotiiϕ22. (2)

Äëÿ åäèíñòâåííîñòè ðàçëîæåíèé, íà ïîòåíöèàëû íåîáõîäèìî íàëîæèòü äî-

ïîëíèòåëüíûå óñëîâèÿ. Íàïðèìåð, åñëè v ∈ S(S1(R3)) è w ∈ S(S2(R3)),
òî íåîáõîäèìî ðàññìàòðèâàòü ïîòåíöèàëû èç S(R3).

1.2 Ïðåîáðàçîâàíèå �àäîíà

Ïëîñêîñòü Ps,ξ â R
3
çàäàåòñÿ íîðìàëüíûì óðàâíåíèåì (ξ ·x)−s = 0, ãäå

ξ = (ξ1, ξ2, ξ3) � åäèíè÷íûé íîðìàëüíûé âåêòîð ïëîñêîñòè, à s � ðàññòî-

ÿíèå (ñî çíàêîì) îò íà÷àëà êîîðäèíàò äî ïëîñêîñòè. Òî÷êè íà ïëîñêîñòè

Ps,ξ áóäåì çàäàâàòü ðàâåíñòâîì x = sξ + y, y ∈ ξ⊥, ãäå ξ⊥ � ïëîñêîñòü,

ïåðïåíäèêóëÿðíàÿ ξ è ïðîõîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò.
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Ïðåîáðàçîâàíèå �àäîíà Rf �óíêöèè f çàäàåòñÿ �îðìóëîé

Rf(s, ξ) =

∫

Ps,ξ

f(x) dx =

∫

ξ⊥
f(sξ + y) dy.

Ìíîæåñòâî ïåðåìåííûõ â ïðîñòðàíñòâå îáðàçîâ R îáîçíà÷èì Z = {(s, ξ) :
s ∈ R, ξ ∈ S

2}. Ñâîéñòâà ïðåîáðàçîâàíèÿ �àäîíà òðàäèöèîííî èçó÷àþòñÿ

äëÿ �óíêöèé f(x) èç S(R3). Ïðèâåäåì íåêîòîðûå ñâîéñòâà è �îðìóëû

îáðàùåíèÿ äëÿ ïðåîáðàçîâàíèÿ �àäîíà (ïîäðîáíåå ñì., íàïðèìåð, [1, 32℄).

Íàì ïîòðåáóþòñÿ ñëåäóþùèå ðàâåíñòâà

Rϕ′

xi
(s, ξ) = ξi(Rϕ)′s(s, ξ), i = 1, 2, 3. (3)

Äâîéñòâåííûé îïåðàòîð R#
, ïî îòíîøåíèþ ê ïðåîáðàçîâàíèþ �àäîíà R,

äåéñòâóåò íà �óíêöèþ g(s, ξ) â ñîîòâåòñòâèè ñ �îðìóëîé

R#g(x) =

∫

S2

g((x · ξ), ξ) dξ.

Äëÿ 0 6 α < 3 ïîòåíöèàë �èññà Iα îïðåäåëÿåòñÿ �îðìóëîé Fn[I
αf ](z) =

|z|−αFn[f ](z), ãäå Fn[·] n-ìåðíîå ïðåîáðàçîâàíèå Ôóðüå, è ïðèìåíÿåòñÿ ê

�óíêöèÿì îïðåäåëåííûì â R
3
(n = 3) è íà Z (n = 1, ïðåîáðàçîâàíèå Ôóðüå

ïðèìåíÿåòñÿ ïî ïåðâîé ïåðåìåííîé). Îïåðàòîð I−α
îïðåäåëÿåòñÿ ðàâåí-

ñòâîì I−αIαf = f . Ñ èñïîëüçîâàíèåì ïîòåíöèàëà �èññà Iα è äâîéñòâåííîãî
îïåðàòîðà R#

êîíñòðóèðóåòñÿ öåëîå ñåìåéñòâî �îðìóë îáðàùåíèÿ.

Óòâåðæäåíèå 1. Ïóñòü f ∈ S(R3). Òîãäà äëÿ ëþáîãî 0 6 α < 3

f =
1

8π2
I−αR#Iα−2g, g = Rf.

Â ÷àñòíîñòè, ïðè α = 0 èìååì

f = −
1

8π2
R#g′′ss = −

1

8π2

∫

S2

g′′ss(s, ξ)
∣

∣

∣

s=(x·ξ)
dξ. (4)

Ïîëàãàÿ α = 2, ïîëó÷àåì

f = −
1

8π2
△R#g = −

1

8π2
△

∫

S2

g((x · ξ), ξ) dξ, (5)

ãäå îïåðàòîð Ëàïëàñà △ ïðèìåíÿåòñÿ ïî x.
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1.3 Îáîáùåííûå è âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà

ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé

Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì èíòåãðàëüíûå îïåðàòîðû, ÿâ-

ëÿþùèåñÿ îáîáùåíèåì ïðåîáðàçîâàíèÿ �àäîíà. Òàì, ãäå ýòî áóäåò óäîá-

íî, äëÿ âåêòîðà ξ ìû áóäåì òàêæå èñïîëüçîâàòü îáîçíà÷åíèå e
0
. Ïóñòü

e
1 = (e11, e

1
2, e

1
3), e

2 = (e21, e
2
2, e

2
3) � åäèíè÷íûå âçàèìíî îðòîãîíàëüíûå âåê-

òîðû, êîìïëàíàðíûå ïëîñêîñòè ξ⊥. Îáîáùåííûå ïðåîáðàçîâàíèÿ �àäîíà

Rkm
, k,m = 0, 1, 2, k 6 m ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ w çàäàþòñÿ

�îðìóëàìè

Rkm
w(s, ξ) =

∫

Ps,ξ

3
∑

i,j=1

eki e
m
j wij(x) dx. (6)

Ïðè k = m = 0 ìû èìååì íîðìàëüíîå ïðåîáðàçîâàíèå �àäîíà. Åñëè

k = m = 1, 2, òî îïåðàòîðû íàçûâàþòñÿ ïðîäîëüíûìè ïðåîáðàçîâàíèÿ-

ìè �àäîíà. Íàêîíåö, åñëè k 6= m, ìû èìååì ñìåøàííûå ïðåîáðàçîâàíèÿ

�àäîíà: R0m
, m = 1, 2 � ñìåøàííûå íîðìàëüíî-ïðîäîëüíûå ïðåîáðàçîâà-

íèÿ �àäîíà; R12
� ñìåøàííîå ïðîäîëüíîå ïðåîáðàçîâàíèå �àäîíà.

Ñâîéñòâà îïåðàòîðîâ Rkm
, k,m = 0, 1, 2, k 6 m èññëåäîâàëèñü â [24℄.

Ïóñòü èçâåñòíû çíà÷åíèÿ ïðåîáðàçîâàíèé �àäîíà Rkm
w, k,m = 0, 1, 2,

k 6 m, äåéñòâóþùèõ íà ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå w. Â ýòîì ñëó÷àå,

èç îïðåäåëåíèé îïåðàòîðîâ (6) è îðòîíîðìèðîâàííîñòè ñèñòåìû âåêòîðîâ

{ξ, e1, e2} ñëåäóåò ñâÿçü îïåðàòîðîâ R è Rkm
, k,m = 0, 1, 2:

Rwij =ξiξj R
00
w + (e1i ξj + e1jξi)R

01
w

+(e2i ξj + e2jξi)R
02
w + e1i e

1
j R

11
w

+(e1i e
2
j + e1je

2
i )R

12
w + e2i e

2
j R

22
w, i, j = 1, 2, 3.

(7)

Ýòè ñâÿçè è èçâåñòíûå ïîäõîäû äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèÿ �àäîíà

R ïîçâîëÿþò ïîëó÷èòü �îðìóëû îáðàùåíèÿ è àëãîðèòìû äëÿ ÷èñëåííîãî

îáðàùåíèÿ èíòåãðàëüíûõ îïåðàòîðîâ (6). Íàïðèìåð, èñïîëüçîâàòü �îð-

ìóëû îáðàùåíèÿ (4) èëè (5). Òàêèì îáðàçîì, äëÿ ïîëíîãî âîññòàíîâëåíèÿ

ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ â îáùåì ñëó÷àå íåîáõîäèìî çíàòü çíà-

÷åíèÿ âñåõ øåñòè îïåðàòîðîâ Rkm
, k,m = 0, 1, 2, k 6 m.

Â ñèëó íåîäíîçíà÷íîñòè âûáîðà ñèñòåìû âåêòîðîâ {e1, e2} îïåðàòîðûRkm
,

k,m = 0, 1, 2, k 6 m òàêæå áóäóò îïðåäåëÿþòñÿ íåîäíîçíà÷íî. Äëÿ îïèñà-

íèÿ ÿäåð è îáðàçîâ ýòèõ îïåðàòîðîâ èñïîëüçîâàí îäèí èç íàèáîëåå åñòå-

ñòâåííûõ íàáîðîâ {e1, e2} (ñì., íàïðèìåð, [28℄):

e
1 = 1

ρ
(ξ2, −ξ1, 0) , e

2 = 1
ρ

(

ξ1ξ3, ξ2ξ3, − (ξ1)
2 − (ξ2)

2)
, (8)
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ãäå ρ =
(

(ξ1)
2 + (ξ2)

2 )1/2
. Â ñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò (α ∈

[0, 2π), β ∈ (0, π)) èìååì

ξ = e
0 = (cosα sin β, sinα sin β, cos β), e

1 = (sinα,− cosα, 0),

e
2 = (cosα cos β, sinα cos β, − sin β), ρ = sin β.

Óòâåðæäåíèå 2. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ

ïîëåé

Φ00 = d2ϕ00, Φ01 = d(rot3ϕ
01), Φ02 = d(rot3ϕ02), (9)

Φ11 = rot33ϕ
11, Φ12 = rot33ϕ

12, Φ22 = rot33ϕ22
(10)

èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ):

RklΦij = 0, ãäå k, l = 0, 1, 2, k 6 l, k 6= i èëè l 6= j,

R00Φ00 =
(

Rϕ00
)′′

ss
, R01Φ01 = ρ

2

(

Rϕ01
)′′

ss
, R02Φ02 = ρ

2

(

Rϕ02
)′′′

sss
,

R11Φ11 = ρ2
(

Rϕ11
)′′

ss
, R12Φ12 = ρ2

2

(

Rϕ12
)′′′

sss
, R22Φ22 = ρ2

(

Rϕ22
)′′′′

ssss
.

Òàêèì îáðàçîì, ïî çíà÷åíèÿì êàæäîãî èç îïåðàòîðîâ Rkm
, k,m = 0, 1, 2,

k 6 m ìîæíî âîññòàíîâèòü ëèøü îäíî ñëàãàåìîå â ðàçëîæåíèè (2) ïîëÿ

w ∈ S(S2(R3)).
Â äàííîé ðàáîòå ñîâìåñòíî ñ íîðìàëüíûì è ïðîäîëüíûìè ïðåîáðàçîâà-

íèÿìè �àäîíà Rkk
, k = 0, 1, 2 ïðåäëàãàåòñÿ ðàññìîòðåòü âåñîâûå ïðåîáðà-

çîâàíèÿ �àäîíà. Âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà Wkk
l , k = 0, 1, 2, l = 1, 2

äåéñòâóþò íà ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå w ïî ïðàâèëàì

Wkk
l w(s, ξ) =

∫

Ps,ξ

(x · el)
(

3
∑

i,j=1

eki e
k
jwij(x)

)

dx, k = 0, 1, 2, l = 1, 2.

Äëÿ îïèñàíèÿ ÿäåð è îáðàçîâ îïåðàòîðîâ Wkk
l , k = 0, 1, 2, l = 1, 2 áóäåì

èñïîëüçîâàòü íàáîð {e1, e2}, çàäàâàåìûé �îðìóëàìè (8) è åãî ïðåäñòàâëå-
íèå â ñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò. Ïðè èññëåäîâàíèè íàì ïîòðåáóþòñÿ

íåêîòîðûå ñâîéñòâà èíòåãðàëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ íà âåêòîðíûå

ïîëÿ. Ïðèâåäåì èõ â ñëåäóþùåì ïîäðàçäåëå (ïîäðîáíîñòè ñì. â [29℄).

1.4 Âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà âåêòîðíûõ ïîëåé

Âåñîâûå ïðåîáðàçîâàíèÿ �àäîíà Wk
l , k = 0, 1, 2, l = 1, 2 âåêòîðíîãî

ïîëÿ v îïðåäåëÿþòñÿ ðàâåíñòâàìè

Wk
l v(s, ξ) =

∫

Ps,ξ

(x · el)(ek · v(x))dx.
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Îïèñàíèÿ ÿäåð è îáðàçîâ ýòèõ îïåðàòîðîâ ïðèâåäåíû â óòâåðæäåíèè.

Óòâåðæäåíèå 3. Ïóñòü ϕ0, ϕ1, ϕ2 ∈ S(R3) � ïîòåíöèàëû ïîëåé

Φ0 = dϕ0
, Φ1 = rot3ϕ

1
è Φ2 = rot3ϕ2

, ñîîòâåòñòâåííî. Òîãäà èìåþò ìåñòî

ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W0
1Φ

0 = ρ−1(Rϕ0)′α, W0
1Φ

1 = ρ(Rϕ1), W0
1Φ

2 = 0, (11)

W0
2Φ

0 = −(Rϕ0)′β, W0
2Φ

1 = 0, W0
2Φ

2 = ρ(Rϕ2)′s, (12)

W1
1Φ

0 = −Rϕ0, W1
1Φ

1 = (Rϕ1)′α, W1
1Φ

2 = − cos β(Rϕ2)′s, (13)

W1
2Φ

0 = 0, W1
2Φ

1 = −
(

ρ(Rϕ1)
)′

β
, W1

2Φ
2 = 0, (14)

W2
1Φ

0 = 0, W2
1Φ

1 = cos β(Rϕ1), W2
1Φ

2 = (Rϕ2)′′sα, (15)

W2
2Φ

0 = −Rϕ0, W2
2Φ

1 = 0, W2
2Φ

2 = −
(

ρ(Rϕ2)′s
)′

β
. (16)

Íåîáõîäèìî îòìåòèòü, ÷òî â âûðàæåíèè äëÿ çíà÷åíèÿ W2
2Φ

2
â [29℄

ïðèñóòñòâóåò îïå÷àòêà.

� 2. Èññëåäîâàíèå âåñîâûõ ïðåîáðàçîâàíèé

�àäîíà òåíçîðíûõ ïîëåé ðàíãà 2

Óêàæåì ñâÿçü âåñîâûõ ïðåîáðàçîâàíèé �àäîíà Wkk
l , k = 0, 1, 2,

l = 1, 2 ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé ðàíãà 2 è âåñîâûõ
ïðåîáðàçîâàíèé �àäîíà Wk

l , k = 0, 1, 2, l = 1, 2 âåêòîðíûõ ïîëåé.
Ëåììà 1. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ):

Wkk
l Φ00 =

3
∑

i=1

eki W
k
l d(dϕ

00)i, (17)

Wkk
l Φ01 =

3
∑

i=1

eki W
k
l d(rot3ϕ

01)i =
3

∑

i=1

eki W
k
l rot3(dϕ

01)i, (18)

Wkk
l Φ02 =

3
∑

i=1

eki W
k
l d(rot

3ϕ02)i =

3
∑

i=1

eki W
k
l rot

3(dϕ02)i, (19)

Wkk
l Φ11 =

3
∑

i=1

eki W
k
l rot3(rot3ϕ

11)i, (20)

Wkk
l Φ12 =

3
∑

i=1

eki W
k
l rot

3(rot3ϕ
12)i =

3
∑

i=1

eki W
k
l rot3(rot

3ϕ12)i, (21)

Wkk
l Φ22 =

3
∑

i=1

eki W
k
l rot

3(rot3ϕ22)i, (22)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



Ñâåòîâ È. Å., Ïîëÿêîâà À.Ï. 143

ãäå k = 0, 1, 2, l = 1, 2.
Äîêàçàòåëüñòâî. Ïðèâåäåì ðàññóæäåíèÿ äëÿ íàõîæäåíèÿ çíà÷åíèÿ

Wkk
l Φ00

. Ïåðåõîäÿ îò äâîéíîãî ñóììèðîâàíèÿ ê ïîâòîðíîìó è èñïîëüçóÿ

îïðåäåëåíèÿ îïåðàòîðîâ Wkk
l è Wk

l , ïîëó÷àåì

Wkk
l Φ00 =

∫

Ps,ξ

(x · el)
(

3
∑

i,j=1

eki e
k
j (d

2ϕ00)ij(x)
)

dx

=
3

∑

i=1

eki

∫

Ps,ξ

(x · el)
(

e
k · d(dϕ00)i(x)

)

dx =
3

∑

i=1

eki W
k
l d(dϕ

00)i.

Îñòàëüíûå ðàâåíñòâà ïîëó÷àþòñÿ àíàëîãè÷íî. �

Ïîëó÷èì çíà÷åíèÿ äëÿ êàæäîãî èç îïåðàòîðîâ Wkk
l , k = 0, 1, 2, l = 1, 2.

Òåîðåìà 1. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W00
1 Φ00 = 1

sinβ
(Rϕ00)′′sα, W00

1 Φ01 = sin β(Rϕ01)′s,

W00
1 Φ02 = W00

1 Φ11 = W00
1 Φ12 = W00

1 Φ22 = 0.

Äîêàçàòåëüñòâî. Äëÿ ïîëåé Φ02
,Φ12

è Φ22
ðåçóëüòàò ñëåäóåò èç �îðìóë

(19),(21),(22) è ðàâåíñòâ W0
1 rot

3ϕ = 0 (ñì. (11)). Äëÿ îñòàâøèõñÿ ïîëåé,

èñïîëüçóÿ �îðìóëû (17),(18),(20),(11) è (3), ïîëó÷àåì

W00
1 Φ00 =

3
∑

i=1

ξi W
0
1d(dϕ

00)i =
1

sinβ

3
∑

i=1

ξi
(

R(dϕ00)i
)′

α

= 1
sinβ

(ξ · ξ)(Rϕ00)′′sα − (ξ · e1)(Rϕ00)′s =
1

sinβ
(Rϕ00)′′sα,

W00
1 Φ01 =

3
∑

i=1

ξi W
0
1d(rot3ϕ

01)i =
1

sinβ

3
∑

i=1

ξi
(

R(rot3ϕ
01)i

)′

α

= (ξ · e1)(Rϕ01)′′sα + (ξ · (e1)′α)(Rϕ01)′s = sin β(Rϕ01)′s,

W00
1 Φ11 =

3
∑

i=1

ξi W
0
1 rot3(rot3ϕ

11)i = sin β

3
∑

i=1

ξiR(rot3ϕ
11)i

= sin2 β(ξ · e1)(Rϕ11)′s = 0.

×òî è òðåáîâàëîñü äîêàçàòü. �

Èç Òåîðåìû ñëåäóåò, ÷òî ïîëÿ Φ02
,Φ11

,Φ12
è Φ22

ëåæàò â ÿäðå îïåðàòîðà

W00
1 .

Òåîðåìà 2. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):
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W00
2 Φ00 = −(Rϕ00)′′sβ, W00

2 Φ02 = sin β(Rϕ02)′′ss,

W00
2 Φ01 = W00

2 Φ11 = W00
2 Φ12 = W00

2 Φ22 = 0.

Äîêàçàòåëüñòâî. �åçóëüòàò äëÿ ïîëåé Φ01
,Φ11

è Φ12
íåïîñðåäñòâåííî

ñëåäóåò èç �îðìóë (18),(20),(21) è ðàâåíñòâ W0
2 rot3ϕ = 0 (ñì. (12)). Äëÿ

äðóãèõ ïîëåé, èñïîëüçóÿ �îðìóëû (17),(19),(22),(12) è (3), èìååì

W00
2 Φ00 =

3
∑

i=1

ξiW
0
2d(dϕ

00)i = −

3
∑

i=1

ξi
(

R(dϕ00)i
)′

β

= −(ξ · ξ)(Rϕ00)′′sβ − (ξ · e2)(Rϕ00)′s = −(Rϕ00)′′sβ,

W00
2 Φ02 =

3
∑

i=1

ξiW
0
2d(rot

3ϕ02)i = −

3
∑

i=1

ξi
(

R(rot3ϕ02)i
)′

β

= − sin β(ξ · e2)(Rϕ02)′′′ssβ + sin β(ξ · ξ)(Rϕ02)′′ss = sin β(Rϕ02)′′ss,

W00
2 Φ22 =

3
∑

i=1

ξiW
0
2 rot

3(rot3ϕ22)i = sin β
3

∑

i=1

ξi
(

R(rot3ϕ22)i
)′

s

= sin2 β(ξ · e2)(Rϕ22)′′′sss = 0. �

Ñëåäîâàòåëüíî ïîëÿ Φ01
,Φ11

,Φ12
è Φ22

ëåæàò â ÿäðå îïåðàòîðà W00
2 .

Òåîðåìà 3. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W11
1 Φ01 = − sin β(Rϕ01)′s, W11

1 Φ00 = W11
1 Φ02 = W11

1 Φ22 = 0,

W11
1 Φ11 = sin β(Rϕ11)′′sα, W11

1 Φ12 = − sin β cos β(Rϕ12)′′ss.

Äîêàçàòåëüñòâî. Âîñïîëüçîâàâøèñü �îðìóëàìè (17)�(22),(13) è (3),

ïîëó÷àåì

W11
1 Φ00 =

3
∑

i=1

e1i W
1
1d(dϕ

00)i = −
3

∑

i=1

e1i R(dϕ00)i = −(e1 · ξ)(Rϕ00)′s = 0,

W11
1 Φ01 =

3
∑

i=1

e1i W
1
1d(rot3ϕ

01)i = −
3

∑

i=1

e1i R(rot3ϕ
01)i

= − sin β(e1 · e1)(Rϕ01)′s = − sin β(Rϕ01)′s,

W11
1 Φ02 =

3
∑

i=1

e1i W
1
1d(rot

3ϕ02)i = −
3

∑

i=1

e1i R(rot3ϕ02)i

= − sin β(e1 · e2)(Rϕ02)′′ss = 0,
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W11
1 Φ11 =

3
∑

i=1

e1i W
1
1 rot3(rot3ϕ

11)i =
3

∑

i=1

e1i
(

R(rot3ϕ
11)i

)′

α

=
3

∑

i=1

e1i
(

sin βe1i (Rϕ11)′s
)′

α
= sin β(e1 · e1)(Rϕ11)′′sα + (e1 · ξ)(Rϕ11)′s

= sin β(Rϕ11)′′sα,

W11
1 Φ12 =

3
∑

i=1

e1i W
1
1 rot

3(rot3ϕ
12)i = −

3
∑

i=1

e1i cos β
(

R(rot3ϕ
12)i

)′

s

= − sin β cos β(e1 · e1)(Rϕ12)′′ss = − sin β cos β(Rϕ12)′′ss,

W11
1 Φ22 =

3
∑

i=1

e1i W
1
1 rot

3(rot3ϕ22)i = −

3
∑

i=1

e1i cos β
(

R(rot3ϕ22)i
)′

s

= − sin β cos β(e1 · e2)(Rϕ22)′′′sss = 0.

×òî è òðåáîâàëîñü äîêàçàòü. �

Ïîëó÷èëè, ÷òî ïîëÿ Φ00
,Φ02

è Φ22
ëåæàò â ÿäðå îïåðàòîðà W11

1 .

Òåîðåìà 4. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W11
2 Φ00 = W11

2 Φ01 = W11
2 Φ02 = W11

2 Φ12 = W11
2 Φ22 = 0,

W11
2 Φ11 = −

(

sin2 β(Rϕ11)′s
)′

β
.

Äîêàçàòåëüñòâî. Äëÿ ïîëåé Φ00
,Φ01

,Φ02
,Φ12

è Φ22
ðåçóëüòàò ñëåäóåò

èç �îðìóë (17)�(19),(21),(22) è ðàâåíñòâ W1
2dϕ = W1

2 rot
3ϕ = 0 (ñì. (14)).

Äëÿ ïîëÿ Φ11
, âîñïîëüçîâàâøèñü �îðìóëàìè (20),(14) è (3), èìååì

W11
2 Φ11 =

3
∑

i=1

e1i W
1
2 rot3(rot3ϕ

11)i = −
3

∑

i=1

e1i

(

sin β
(

R(rot3ϕ
11)i

)

)′

β

= −(e1 · e1)
(

sin2 β(Rϕ11)′s
)′

β
= −

(

sin2 β(Rϕ11)′s
)′

β
. �

Èç Òåîðåìû ñëåäóåò, ÷òî ïî÷òè âñå ïîëÿ (9),(10) (êðîìå ïîëÿ Φ11
) ëåæàò

â ÿäðå îïåðàòîðà W11
2 . Òàêèì îáðàçîì, ïî çíà÷åíèÿì îïåðàòîðà W11

2

ìîæíî íàäåÿòüñÿ íà âîññòàíîâëåíèå ëèøü ñîëåíîèäàëüíîé ÷àñòè Φ11
, êàê

è ïî çíà÷åíèÿì áåçâåñîâîãî îïåðàòîðà R11
.

Òåîðåìà 5. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W22
1 Φ00 = W22

1 Φ01 = W22
1 Φ02 = W22

1 Φ11 = 0,

W22
1 Φ12 = sin β cos β(Rϕ12)′′ss, W22

1 Φ22 = sin β(Rϕ22)′′′′sssα.
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Äîêàçàòåëüñòâî. Äëÿ ïîëåé Φ00
,Φ01

è Φ02
ðåçóëüòàò ñëåäóåò èç �îðìóë

(17)�(19) è ðàâåíñòâà W2
1dϕ = 0 (ñì. (15)). Äëÿ îñòàëüíûõ ïîëåé, èñïîëü-

çóÿ �îðìóëû (20)�(22),(15) è (3), èìååì

W22
1 Φ11 =

3
∑

i=1

e2i W
2
1 rot3(rot3ϕ

11)i =

3
∑

i=1

e2i cos βR(rot3ϕ
11)i

=(e2 · e1) cos β sin β(Rϕ11)′s = 0,

W22
1 Φ12 =

3
∑

i=1

e2i W
2
1 rot3(rot

3ϕ12)i =
3

∑

i=1

e2i cos βR(rot3ϕ12)i

=(e2 · e2) cos β sin β(Rϕ12)′′ss = sin β cos β(Rϕ12)′′ss,

W22
1 Φ22 =

3
∑

i=1

e2i W
2
1 rot

3(rot3ϕ22)i =

3
∑

i=1

e2i
(

R(rot3ϕ22)i
)′′

sα

=
3

∑

i=1

e2i
(

sin βe2i (Rϕ22)′′′sss
)′

α
= sin β(e2 · e2)(Rϕ22)′′′′sssα

− sin β cos β(e2 · e1)(Rϕ22)′′′sss = sin β(Rϕ22)′′′′sssα.

×òî è òðåáîâàëîñü äîêàçàòü. �

Ñëåäîâàòåëüíî ïîëÿ Φ00
,Φ01

,Φ02
è Φ11

ëåæàò â ÿäðå îïåðàòîðà W22
1 .

Òåîðåìà 6. Ïóñòü ϕij ∈ S(R3), i, j = 0, 1, 2, i 6 j, òîãäà äëÿ ïîëåé

(9),(10) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà (äëÿ ïåðåìåííûõ s, ξ(α, β)):

W22
2 Φ00 = W22

2 Φ01 = W22
2 Φ11 = W22

2 Φ12 = 0,

W22
2 Φ02 = − sin β(Rϕ02)′′ss, W22

2 Φ22 = −
(

sin2 β(Rϕ22)′′′sss
)′

β
.

Äîêàçàòåëüñòâî. Äëÿ ïîëåé Φ01
,Φ11

è Φ12
ðåçóëüòàò ñëåäóåò èç

�îðìóë (18),(20),(21) è ðàâåíñòâà W2
2 rot3ϕ = 0 (ñì. (16)). Äëÿ äðóãèõ

ïîëåé, èñïîëüçóÿ �îðìóëû (17),(19),(22),(16) è (3), ïîëó÷àåì

W22
2 Φ00 =

3
∑

i=1

e2i W
2
2d(dϕ

00)i = −

3
∑

i=1

e2i R(dϕ00)i = −(e2 · ξ)(Rϕ00)′s = 0,

W22
2 Φ02 =

3
∑

i=1

e2i W
2
2d(rot

3ϕ02)i = −

3
∑

i=1

e2i R(rot3ϕ02)i

=− sin β(e2 · e2)(Rϕ02)′′ss = − sin β(Rϕ02)′′ss,
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W22
2 Φ22 =

3
∑

i=1

e2i W
2
2 rot

3(rot3ϕ22)i = −
3

∑

i=1

e2i

(

sin β
(

R(rot3ϕ22)i
)′

s

)′

β

=−
3

∑

i=1

e2i
(

sin2 βe2i (Rϕ22)′′′sss
)′

β
= −(e2 · e2)

(

sin2 β(Rϕ22)′′′sss
)′

β

+ (e2 · ξ) sin2 β(Rϕ22)′′′sss = −
(

sin2 β(Rϕ22)′′′sss
)′

β
. �

Ïîëó÷èëè, ÷òî ïîëÿ Φ00
, Φ01

, Φ11
è Φ12

ëåæàò â ÿäðå îïåðàòîðà W22
2 .

Î÷åâèäíî, ÷òî çíà÷åíèÿ âåñîâûõ ïðåîáðàçîâàíèé �àäîíà Wkk
l , k = 0, 1, 2,

l = 1, 2 ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé (çà èñêëþ÷åíèåì îïåðàòîðà

W11
2 ) äàþò áîëüøå èí�îðìàöèè îá èññëåäóåìîì ïîëå íåæåëè îïåðàòîðû

Rkm
, k,m = 0, 1, 2, k 6 m. Â ñëåäóþùåì ðàçäåëå ïðèìåíèì ïîëó÷åííûå

ðåçóëüòàòû äëÿ âîññòàíîâëåíèÿ ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé.

� 3. Âîññòàíîâëåíèå ñèììåòðè÷íûõ òåíçîðíûõ

ïîëåé ðàíãà 2

Ïðèâåäåì �îðìóëèðîâêó ðàññìàòðèâàåìîé çàäà÷è.

Çàäà÷à òåíçîðíîé òîìîãðà�èè. Ïóñòü äàíû çíà÷åíèÿ îïåðàòîðîâ

R00
w, R11

w, R22
w è òðåõ âåñîâûõ ïðåîáðàçîâàíèé �àäîíà. Íåîáõîäèìî

âîññòàíîâèòü 3D ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå w.

Èç �îðìóë (7) ñëåäóåò, ÷òî äëÿ ïîëíîãî âîññòàíîâëåíèÿ ñèììåòðè÷íîãî

2-òåíçîðíîãî ïîëÿ â îáùåì ñëó÷àå íåîáõîäèìî çíàòü çíà÷åíèÿ íå òîëüêî

ïîïåðå÷íîãî R00
è ïðîäîëüíûõ ïðåîáðàçîâàíèé �àäîíà R11

, R22
, íî è çíà-

÷åíèÿ òðåõ ñìåøàííûõ ïðåîáðàçîâàíèé �àäîíà R01
, R02

è R12
. Ïîýòîìó

íåîáõîäèìî óñòàíîâèòü, êàêèìè îïåðàòîðàìè ìîæíî çàìåíèòü îïåðàòîðû

R01
, R02

è R12
. Èç Òåîðåì 1�6 ñëåäóåò, ÷òî ïîòåíöèàëüíîå ïîëå Φ01

íå

ëåæèò â ÿäðå îïåðàòîðîâ W00
1 è W11

1 .

Èñïîëüçóÿ ðàçëîæåíèå (2), Óòâåðæäåíèå 2, Òåîðåìû 1 è 3, ïîëó÷àåì

ñâÿçè:

R01
w = sinβ

2
(Rϕ01)′′ss =

1
2
(W00

1 Φ01)′s =
1
2
(W00

1 w −W00
1 Φ00)′s

= 1
2

(

(W00
1 w)′s −

1
sinβ

(Rϕ00)′′′ssα
)

= 1
2

(

(W00
1 w)′s −

1
sinβ

(R00
w)′α

)

,

R01
w = sinβ

2
(Rϕ01)′′ss = −1

2
(W11

1 Φ01)′s = −1
2
(W11

1 w −W11
1 Φ11 −W11

1 Φ12)′s

= −1
2

(

(W11
1 w)′s − sin β(Rϕ11)′′′ssα + sin β cos β(Rϕ12)′′′sss

)

= −1
2

(

(W11
1 w)′s −

1
sinβ

(R11
w)′α + 2 cos β

sinβ
R12

w

)

.
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Òàêèì îáðàçîì, ïîëó÷åíû ðàâåíñòâà

R01
w = 1

2 sinβ

(

sin β(W00
1 w)′s − (R00

w)′α
)

, (23)

R01
w = − 1

2 sinβ

(

sin β(W11
1 w)′s − (R11

w)′α + 2 cos βR12
w

)

. (24)

Ñëåäîâàòåëüíî, âìåñòî çíà÷åíèé îïåðàòîðà R01
ìîæíî èñïîëüçîâàòü,

íàïðèìåð, ñîâìåñòíî çàäàííûå çíà÷åíèÿ îïåðàòîðîâ W00
1 è R00

(�îðìóëà

(23)). Â �îðìóëå (24) ïîìèìî W11
1 è R11

ïðèñóòñòâóåò îïåðàòîð R12
,

çíà÷åíèÿ êîòîðîãî ìîæíî îïðåäåëèòü ïî �îðìóëå (28).

Ïîòåíöèàëüíîå ïîëå Φ02
íå ëåæèò â ÿäðå îïåðàòîðîâ W00

2 è W22
2 , è èìåþò

ìåñòî ñâÿçè:

R02
w = sinβ

2
(Rϕ02)′′′sss =

1
2
(W00

2 Φ02)′s =
1
2
(W00

2 w −W00
2 Φ00)′s

= 1
2

(

(W00
2 w)′s + (Rϕ00)′′′ssβ

)

= 1
2

(

(W00
2 w)′s + (R00

w)′β
)

,

R02
w = sinβ

2
(Rϕ02)′′ss = −1

2
(W22

2 Φ02)′s = −1
2
(W22

2 w −W22
2 Φ22)′s

= −1
2

(

(W22
2 w)′s +

(

sin2 β(Rϕ22)′′′′ssss

)′

β

)

= −1
2

(

(W22
2 w)′s + (R22

w)′β
)

.

Çäåñü ìû âîñïîëüçîâàëèñü ðàçëîæåíèåì (2), Óòâåðæäåíèåì 2, Òåîðåìàìè

2 è 6. Ò.å., èìåþò ìåñòî ðàâåíñòâà

R02
w = 1

2

(

(W00
2 w)′s + (R00

w)′β
)

, (25)

R02
w = −1

2

(

(W22
2 w)′s + (R22

w)′β
)

. (26)

Íàêîíåö, ðàññìîòðèì ñîëåíîèäàëüíîå ïîëå Φ12
, êîòîðîå íå ëåæèò â ÿäðå

îïåðàòîðîâ W11
1 è W22

1 . Èñïîëüçóÿ ðàçëîæåíèå (2), Óòâåðæäåíèå 2,

Òåîðåìû 3 è 5, ïîëó÷àåì ñâÿçè:

R12
w = sin2 β

2
(Rϕ12)′′′sss = − sinβ

2 cos β
(W11

1 Φ12)′s

= − sinβ
2 cos β

(W11
1 w−W11

1 Φ11 −W11
1 Φ01)′s

= − sinβ
2 cos β

(

(W11
1 w)′s − sin β(Rϕ11)′′′ssα + sin β(Rϕ01)′′ss

)

= − sinβ
2 cos β

(

(W11
1 w)′s −

1
sinβ

(R11
w)′α + 2R01

w

)

,

R12
w = sin2 β

2
(Rϕ12)′′′sss =

sinβ
2 cos β

(W22
1 Φ12)′s =

sinβ
2 cos β

(W22
1 w −W22

1 Φ22)′s

= sinβ
2 cos β

(

(W22
1 w)′s − sin β(Rϕ22)′′′′′ssssα

)

= sinβ
2 cos β

(

(W22
1 w)′s −

1
sinβ

(R22
w)′α

)

.

Òàêèì îáðàçîì, èìåþò ìåñòî ðàâåíñòâà

R12
w = − 1

2 cos β

(

sin β(W11
1 w)′s − (R11

w)′α + 2 sin βR01
w

)

, (27)

R12
w = 1

2 cos β

(

sin β(W22
1 w)′s − (R22

w)′α
)

. (28)
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Ôîðìóëû (23)�(28), äàþò âîçìîæíîñòü óêàçàòü øåñòü ðàçëè÷íûõ íàáîðîâ

äàííûõ (ñì. Òàáëèöó 1), äîñòàòî÷íûõ äëÿ ïîëíîãî âîññòàíîâëåíèÿ ñèì-

ìåòðè÷íîãî òåíçîðíîãî ïîëÿ w ðàíãà 2.

Òàáëèöà 1: íàáîðû äàííûõ äëÿ çàäà÷è òåíçîðíîé òîìîãðà�èè.

Íîìåð çàäà÷è Äàííûå çàäà÷è

1 R00
w, R11

w, R22
w, W00

1 w, W00
2 w, W22

1 w

2 R00
w, R11

w, R22
w, W11

1 w, W00
2 w, W22

1 w

3 R00
w, R11

w, R22
w, W00

1 w, W00
2 w, W11

1 w

4 R00
w, R11

w, R22
w, W00

1 w, W22
2 w, W22

1 w

5 R00
w, R11

w, R22
w, W11

1 w, W22
2 w, W22

1 w

6 R00
w, R11

w, R22
w, W00

1 w, W22
2 w, W11

1 w

Îòìåòèì îñíîâíûå îòëè÷èÿ è ñõîäñòâà ýòèõ íàáîðîâ. Â äàííûõ Çàäà÷ 1�3

ïîìèìî çíà÷åíèé îïåðàòîðîâ R00
, R11

, R22
, W00

2 ïðèñóòñòâóþò äâà îïå-

ðàòîðà èç íàáîðà {W00
1 ,W11

1 ,W22
1 }. Ïîñòàíîâêè Çàäà÷ 4�6 îòëè÷àþòñÿ îò

ïîñòàíîâîê Çàäà÷ 1�3 çàìåíîé îäíîãî îïåðàòîðà: âìåñòî W00
2 èçâåñòíû

çíà÷åíèÿ W22
2 . Íåîáõîäèìî îòìåòèòü, ÷òî äëÿ âîññòàíîâëåíèÿ ïîòåíöèàëü-

íîé ÷àñòè Φ00 + Φ01 + Φ02
ïîëÿ w äîñòàòî÷íî çíà÷åíèé òðåõ îïåðàòîðîâ

{R00
w,W00

1 w,W00
2 w}, êîòîðûå ïðèñóòñòâóþò â íàáîðå äàííûõ Çàäà÷ 1 è 3.

Â òî âðåìÿ êàê, ñîëåíîèäàëüíàÿ ÷àñòü Φ11+Φ12+Φ22
ïîëÿ w âîññòàíàâëè-

âàåòñÿ ïî çíà÷åíèÿì R11
w,R22

w,W22
1 w (Çàäà÷è 1,2,4,5). Òàêèì îáðàçîì,

äàííûå Çàäà÷è 1 òàêîâû, ÷òî ïîòåíöèàëüíàÿ ÷àñòü Φ00 +Φ01 +Φ02
è ñîëå-

íîèäàëüíàÿ ÷àñòü Φ11 +Φ12 +Φ22
ïîëÿ w âîññòàíàâëèâàþòñÿ ïî íåïåðåñå-

êàþùèìñÿ íàáîðàì äàííûõ {R00
w,W00

1 w,W00
2 w} è {R11

w,R22
w,W22

1 w},
ñîîòâåòñòâåííî.

Â íàáîðå äàííûõ Çàäà÷è 5 ïðèñóòñòâóåò òîëüêî îäíî íîðìàëüíîå ïðåîá-

ðàçîâàíèå �àäîíà R00
. Ïîýòîìó, äëÿ âîññòàíîâëåíèÿ ÷àñòè Φ01 + Φ02 +

Φ11 + Φ12 + Φ22
ïîëÿ w íàáîð äàííûõ ìîæíî îãðàíè÷èòü çíà÷åíèÿ-

ìè òîëüêî ïðîäîëüíûõ ïðåîáðàçîâàíèé �àäîíà (âåñîâûõ è áåçâåñîâûõ)

{R11
w,R22

w,W11
1 w,W22

1 w,W22
2 w}.

Äëÿ ðåøåíèÿ Çàäà÷ 1�6 ìîæíî èñïîëüçîâàòü, íàïðèìåð, �îðìóëó îáðàùå-

íèÿ (4). Ïðîäåìîíñòðèðóåì ýòîò ïîäõîä íà ïðèìåðå Çàäà÷è 1.

Çàäà÷à 1. Ïóñòü äàíû çíà÷åíèÿ øåñòè îïåðàòîðîâ R00
w, R11

w, R22
w,

W00
1 w, W00

2 w è W22
1 w. Ïî ýòèì äàííûì íåîáõîäèìî âîññòàíîâèòü ñèììåò-

ðè÷íîå 2-òåíçîðíîå ïîëå w ∈ S(S2).
�åøåíèå. Ïðèìåíÿÿ �îðìóëó îáðàùåíèÿ (4) è èñïîëüçóÿ ðàâåíñòâà (7),

(23), (25) è (28), ïîëó÷àåì �îðìóëó äëÿ âîññòàíîâëåíèÿ êîìïîíåíò

wij = −
1

8π2

∫

S2

(gij)
′′

ss(s, ξ)
∣

∣

∣

s=(x·ξ)
dξ
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ïîëÿ w, ãäå

gij = ξiξj R
00
w + 1

2 sinβ
(e1i ξj + e1jξi)

(

sin β(W00
1 w)′s − (R00

w)′α
)

+ 1
2
(e2i ξj + e2jξi)

(

(W00
2 w)′s + (R00

w)′β
)

+ e1i e
1
j R

11
w

+ 1
2 cos β

(e1i e
2
j + e1je

2
i )
(

sin β(W22
1 w)′s − (R22

w)′α
)

+ e2i e
2
j R

22
w.

� 4. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíû ñâîéñòâà âåñîâûõ ïðåîáðàçîâàíèé �àäîíà 3D

ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé ðàíãà 2. Óñòàíîâëåíû ñâÿçè âåñîâûõ ïðå-

îáðàçîâàíèé �àäîíà òåíçîðíûõ ïîëåé è ïðåîáðàçîâàíèÿ �àäîíà èõ ïî-

òåíöèàëîâ. Îïèñàíû ÿäðà è îáðàçû âåñîâûõ ïðåîáðàçîâàíèé �àäîíà 2-

òåíçîðíûõ ïîëåé. �àññìîòðåíû âàðèàíòû ïîñòàíîâîê çàäà÷ âîññòàíîâëå-

íèÿ 3D ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé ðàíãà 2 ïî çíà÷åíèÿì ñîâìåñòíî

çàäàííûõ íîðìàëüíîãî, ïðîäîëüíûõ è âåñîâûõ ïðåîáðàçîâàíèé �àäîíà, ïî-

ëó÷åíû �îðìóëû îáðàùåíèÿ. Óñòàíîâëåííûå ñâÿçè ìåæäó âåñîâûìè ïðå-

îáðàçîâàíèÿìè �àäîíà ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé è ïðåîáðàçîâà-

íèåì �àäîíà èõ ïîòåíöèàëîâ ìîãóò áûòü îñíîâîé äëÿ ðàçðàáîòêè íîâûõ

êîíñòðóêòèâíûõ ìåòîäîâ è àëãîðèòìîâ ðåøåíèÿ çàäà÷ òåíçîðíîé òîìîãðà-

�èè.

Ñïèñîê ëèòåðàòóðû

1. Natterer F. The Mathemati
s of Computerized Tomography. Chi
hester:

Wiley, 1986.

2. Helgason S. The Radon Transform (Progress in Mathemati
s, 5).

Springer, 1999.

3. Louis A. K. Un
ertainty, ghosts, and resolution in Radon problems //

The Radon Transform: The First 100 Years and Beyond /

Eds. R. Ramlau and O. S
herzer. Berlin, Boston: De Gruyter, 2019.

P. 169�188.

4. S
huster T. 20 years of imaging in ve
tor �eld tomography: a review //

Mathemati
al Methods in Biomedi
al Imaging and Intensity-Modulated

Dariation Therapy / Eds. Y. Censor, M. Jiang and A. K. Louis, Series:

Publi
ations of the S
uola Normale Superiore, CRM Series, V. 7, Basel:

Birkh�auser, 2008. P. 389�424.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



Ñâåòîâ È. Å., Ïîëÿêîâà À.Ï. 151

5. Sharafutdinov V. A. Integral Geometry of Tensor Fields. Utre
ht: VSP,

1994.

6. Sparr G., Strahlen K., Lindstrem K., Persson H. W. Doppler

tomography for ve
tor �elds // Inverse Probl. 1995. V. 11, N 5.

P. 1051�1061.

7. Derevtsov E. Yu., Svetov I. E. Tomography of tensor �elds in the

plain // Eurasian J. Math. Comput. Appl. 2015. V. 3, N 2. P. 25�69.

8. Louis A. K. Inversion formulae for ray transforms in ve
tor and tensor

tomography // Inverse Probl. 2022. V. 38, N 6. 065008 (14 pages).

9. Ilmavirta J., Monkkonen K., Railo J. On mixed and transverse ray

transforms on orientable surfa
es // J. Inverse Ill-Posed Probl. 2023.

V. 31, N 1. P. 43�63.

10. Krishnan V. P., Manna R., Sahoo S. K., Sharafutdinov V. A. Momentum

ray transforms // Inverse Probl. Imaging. 2019. V. 13, N 3. P. 679�701.

11. Mishra R. K. Full re
onstru
tion of a ve
tor �eld from restri
ted

Doppler and �rst integral moment transforms in R
n
// J. Inverse

Ill-Posed Probl. 2020. V. 28, N 2. P. 173�184.

12. Mishra R. K., Sahoo S. K. Inje
tivity and range des
ription of �rst

(k + 1) integral moment transforms over m-tensor �elds in R
n
// SIAM

J. Math. Anal. 2021. V. 53, N 1. P. 253�278.

13. Äåðåâöîâ Å. Þ. Ëó÷åâûå ïðåîáðàçîâàíèÿ ìîìåíòîâ ïëàíàðíûõ

òåíçîðíûõ ïîëåé // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2023. Ò. 26,

�3. C. 26�41.

14. Denisiuk A. Iterative inversion of the tensor momentum x-ray

transform // Inverse Probl. 2023. V. 39, N 10. 105002 (15 pages).

15. Omogbhe D., Sadiq S. K. On the X-ray transform of planar symmetri


tensors // J. Inverse Ill-Posed Probl. 2024. V. 32, N 3. P. 431�452.

16. Ñâåòîâ È. Å., Äåðåâöîâ Å. Þ., Ìàëüöåâà Ñ. Â., Ïîëÿêîâà À. Ï.

×èñëåííàÿ ðåêîíñòðóêöèÿ äâóìåðíîãî âåêòîðíîãî ïîëÿ ïî ëó÷åâûì

ïðåîáðàçîâàíèÿì åãî ìîìåíòîâ // Ñèá. æóðí. èíäóñòð.

ìàòåìàòèêè. 2024. Ò. 27, �4. Ñ. 113�129.

17. Fujiwara H., Omogbhe D., Sadiq K., Tamasan A. Inversion of the

attenuated momenta ray transform of planar symmetri
 tensors //

Inverse Probl. 2024. V. 40, N 7. 075004 (33 pages).

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



152 Âåñîâûå ïåðîáðàçîâàíèÿ �àäîíà

18. Svetov I.E., Polyakova A.P., Maltseva S.V. Re
onstru
tion of 2D

symmetri
 2-tensor �eld by momentum ray transforms // Eurasian J.

Math. Comput. Appl. 2025. V. 13, N 2. P. 90�104.

19. Prin
e J. L. Tomographi
 re
onstru
tion of 3-d ve
tor �elds using inner

produ
t probes // IEEE Trans. Image Pro
ess. 1994. V. 3, N 2.

P. 216�219.

20. Prin
e J. L. Convolution ba
kproje
tion formulas for 3-D ve
tor

tomography with appli
ation to MRI // IEEE Trans. Image Pro
ess.

1996. V. 5, N 10. P. 1462�1472.

21. Gullberg G. T., Ghosh Roy D. N., Zeng G. L., Alexander A. L., Parker

D. L. Tensor tomography // IEEE Nu
l. S
i. 1999. V. 46, N 4.

P. 991�1000.

22. Gullberg G. T., Defrise M., Panin V. Y., Zeng G. L. E�
ient 
ardia


di�usion tensor MRI by three-dimensional re
onstru
tion of solenoidal

tensor �elds // Magn. Reson. Imag. 2001. V. 19, N 2. P. 230�256.

23. Panin V. Y., Zeng G. L., Defrise M., Gullberg G. T. Di�usion tensor

MR imaging of prin
ipal dire
tions: A tensor tomography approa
h //

Phys. Med. Biol. 2002. V. 47, N 15. P. 2737�2757.

24. Svetov I. E., Polyakova A. P. Inversion of generalized Radon transforms

a
ting on 3D ve
tor and symmetri
 tensor �elds // Inverse Probl. 2024.

V. 40, N 1. 015009 (38 pages).

25. Louis A. K. A uni�ed approa
h to inversion formulae for ve
tor and

tensor ray and Radon transforms and the Natterer inequality // Inverse

Probl. 2024. V. 40, N 8. 085007 (17 pages).

26. Kunyansky L. A mathemati
al model and inversion pro
edure for

magneto-a
ousto-ele
tri
 tomography // Inverse Probl. 2012. V. 28, N 3.

035002 (21 pages).

27. Ammari H., Grasland-Mongrain P., Millien P., Seppe
her L., Seo J.-K.

A mathemati
al and numeri
al framework for ultrasoni
ally-indu
ed

Lorentz for
e ele
tri
al impedan
e tomography // J. Math. Pures Appl..

2015. V. 103, N 6. P. 1390�1409.

28. Kunyansky L., M
Dugald E., Shearer B. Weighted Radon transforms of

ve
tor �elds, with appli
ations to magnetoa
oustoele
tri


tomography // Inverse Probl. 2023. V. 39, N 6. 065014 (25 pages).

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



Ñâåòîâ È. Å., Ïîëÿêîâà À.Ï. 153

29. Ñâåòîâ È. Å., Ïîëÿêîâà À. Ï. Âîññòàíîâëåíèå òðåõìåðíûõ

âåêòîðíûõ ïîëåé ïî çíà÷åíèÿì íîðìàëüíîãî, ïðîäîëüíûõ è âåñîâûõ

ïðåîáðàçîâàíèé �àäîíà // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2023.

Ò. 26, �4. Ñ. 125�142.

30. Ñâåòîâ È. Å., Ïîëÿêîâà À. Ï. �àçëîæåíèå ñèììåòðè÷íûõ òåíçîðíûõ

ïîëåé â R
3
. // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2023. Ò. 26, �1.

Ñ. 161�178.

31. Weyl H. The method of orthogonal proje
tion in potential theory //

Duke Math. J. 1940. V. 7, N 1. P. 411�444.

32. Deans S. The Radon Transform and Some of its Appli
ations. New

York: Wiley, 1983.

Referen
es

1. Natterer F. The Mathemati
s of Computerized Tomography. Chi
hester:

Wiley, 1986.

2. Helgason S. The Radon Transform (Progress in Mathemati
s, 5).

Springer, 1999.

3. Louis A. K. Un
ertainty, ghosts, and resolution in Radon problems //

The Radon Transform: The First 100 Years and Beyond /

Eds. R. Ramlau and O. S
herzer. Berlin, Boston: De Gruyter, 2019.

P. 169�188.

4. S
huster T. 20 years of imaging in ve
tor �eld tomography: a review //

Mathemati
al Methods in Biomedi
al Imaging and Intensity-Modulated

Dariation Therapy / Eds. Y. Censor, M. Jiang and A. K. Louis, Series:

Publi
ations of the S
uola Normale Superiore, CRM Series, V. 7, Basel:

Birkh�auser, 2008. P. 389�424.

5. Sharafutdinov V. A. Integral Geometry of Tensor Fields. Utre
ht: VSP,

1994.

6. Sparr G., Strahlen K., Lindstrem K., Persson H. W. Doppler

tomography for ve
tor �elds // Inverse Probl. 1995. V. 11, N 5.

P. 1051�1061.

7. Derevtsov E. Yu., Svetov I. E. Tomography of tensor �elds in the

plain // Eurasian J. Math. Comput. Appl. 2015. V. 3, N 2. P. 25�69.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



154 Âåñîâûå ïåðîáðàçîâàíèÿ �àäîíà

8. Louis A. K. Inversion formulae for ray transforms in ve
tor and tensor

tomography // Inverse Probl. 2022. V. 38, N 6. 065008 (14 pages).

9. Ilmavirta J., Monkkonen K., Railo J. On mixed and transverse ray

transforms on orientable surfa
es // J. Inverse Ill-Posed Probl. 2023.

V. 31, N 1. P. 43�63.

10. Krishnan V. P., Manna R., Sahoo S. K., Sharafutdinov V. A. Momentum

ray transforms // Inverse Probl. Imaging. 2019. V. 13, N 3. P. 679�701.

11. Mishra R. K. Full re
onstru
tion of a ve
tor �eld from restri
ted

Doppler and �rst integral moment transforms in R
n
// J. Inverse

Ill-Posed Probl. 2020. V. 28, N 2. P. 173�184.

12. Mishra R. K., Sahoo S. K. Inje
tivity and range des
ription of �rst

(k + 1) integral moment transforms over m-tensor �elds in R
n
// SIAM

J. Math. Anal. 2021. V. 53, N 1. P. 253�278.

13. Derevtsov E. Yu. Ray Transforms of the Moments of Planar Tensor

Fields // J. Appl. Ind. Math. 2023. V. 17, N 3. P. 521�534.

14. Denisiuk A. Iterative inversion of the tensor momentum x-ray

transform // Inverse Probl. 2023. V. 39, N 10. 105002 (15 pages).

15. Omogbhe D., Sadiq S. K. On the X-ray transform of planar symmetri


tensors // J. Inverse Ill-Posed Probl. 2024. V. 32, N 3. P. 431�452.

16. Svetov I. E., Derevtsov E. Yu., Maltseva S. V., Polyakova A. P.

Numeri
al Re
onstru
tion of a Two-Dimensional Ve
tor Field from its

Momentum Ray Transforms // J. Appl. Ind. Math. 2024. V. 18, N 4.

P. 861�875.

17. Fujiwara H., Omogbhe D., Sadiq K., Tamasan A. Inversion of the

attenuated momenta ray transform of planar symmetri
 tensors //

Inverse Probl. 2024. V. 40, N 7. 075004 (33 pages).

18. Svetov I. E., Polyakova A. P., Maltseva S. V. Re
onstru
tion of 2D

symmetri
 2-tensor �eld by momentum ray transforms // Eurasian J.

Math. Comput. Appl. 2025. V. 13, N 2. P. 90�104.

19. Prin
e J. L. Tomographi
 re
onstru
tion of 3-d ve
tor �elds using inner

produ
t probes // IEEE Trans. Image Pro
ess. 1994. V. 3, N 2.

P. 216�219.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



Ñâåòîâ È. Å., Ïîëÿêîâà À.Ï. 155

20. Prin
e J. L. Convolution ba
kproje
tion formulas for 3-D ve
tor

tomography with appli
ation to MRI // IEEE Trans. Image Pro
ess.

1996. V. 5, N 10. P. 1462�1472.

21. Gullberg G. T., Ghosh Roy D. N., Zeng G. L., Alexander A. L., Parker

D. L. Tensor tomography // IEEE Nu
l. S
i. 1999. V. 46, N 4.

P. 991�1000.

22. Gullberg G. T., Defrise M., Panin V. Y., Zeng G. L. E�
ient 
ardia


di�usion tensor MRI by three-dimensional re
onstru
tion of solenoidal

tensor �elds // Magn. Reson. Imag. 2001. V. 19, N 2. P. 230�256.

23. Panin V. Y., Zeng G. L., Defrise M., Gullberg G. T. Di�usion tensor

MR imaging of prin
ipal dire
tions: A tensor tomography approa
h //

Phys. Med. Biol. 2002. V. 47, N 15. P. 2737�2757.

24. Svetov I. E., Polyakova A. P. Inversion of generalized Radon transforms

a
ting on 3D ve
tor and symmetri
 tensor �elds // Inverse Probl. 2024.

V. 40, N 1. 015009 (38 pages).

25. Louis A. K. A uni�ed approa
h to inversion formulae for ve
tor and

tensor ray and Radon transforms and the Natterer inequality // Inverse

Probl. 2024. V. 40, N 8. 085007 (17 pages).

26. Kunyansky L. A mathemati
al model and inversion pro
edure for

magneto-a
ousto-ele
tri
 tomography // Inverse Probl. 2012. V. 28, N 3.

035002 (21 pages).

27. Ammari H., Grasland-Mongrain P., Millien P., Seppe
her L., Seo J.-K.

A mathemati
al and numeri
al framework for ultrasoni
ally-indu
ed

Lorentz for
e ele
tri
al impedan
e tomography // J. Math. Pures Appl..

2015. V. 103, N 6. P. 1390�1409.

28. Kunyansky L., M
Dugald E., Shearer B. Weighted Radon transforms of

ve
tor �elds, with appli
ations to magnetoa
oustoele
tri


tomography // Inverse Probl. 2023. V. 39, N 6. 065014 (25 pages).

29. Svetov I. E., Polyakova A. P. Re
onstru
tion of Three-Dimensional

Ve
tor Fields Based on Values of Normal, Longitudinal, and Weighted

Radon Transforms // J. Appl. Ind. Math. 2023. V. 17, N 4. P. 842�858.

30. Svetov I. E., Polyakova A. P. De
omposition of Symmetri
 Tensor Fields

in R
3
// J. Appl. Ind. Math. 2023. V. 17, N 1. P. 199�212.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



156 Âåñîâûå ïåðîáðàçîâàíèÿ �àäîíà

31. Weyl H. The method of orthogonal proje
tion in potential theory //

Duke Math. J. 1940. V. 7, N 1. P. 411�444.

32. Deans S. The Radon Transform and Some of its Appli
ations. New

York: Wiley, 1983.

Èí�îðìàöèÿ îá àâòîðàõ

Èâàí Åâãåíüåâè÷ Ñâåòîâ, êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ

íàóê, ñòàðøèé íàó÷íûé ñîòðóäíèê

SPIN 5892-3956 AuthorID: 669428

S
opus Author ID 25032272800

WoS Author ID: J-4559-2018

Àííà Ïåòðîâíà Ïîëÿêîâà, êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ

íàóê, íàó÷íûé ñîòðóäíèê

SPIN 5271-1188 AuthorID: 733183

S
opus Author ID 55639444300

WoS Author ID: J-4581-2018

Author Information

Ivan E. Svetov, Candidate of Mathemati
s, Senior Resear
her

SPIN 5892-3956 AuthorID: 669428

S
opus Author ID 25032272800

WoS Author ID: J-4559-2018

Anna P. Polyakova, Candidate of Mathemati
s, Resear
her

SPIN 5271-1188 AuthorID: 733183

S
opus Author ID 55639444300

WoS Author ID: J-4581-2018

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157



Ñâåòîâ È. Å., Ïîëÿêîâà À.Ï. 157

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 19.07.2025;

îäîáðåíà ïîñëå ðåöåíçèðîâàíèÿ 06.10.2025; ïðèíÿòà ê ïóáëèêàöèè

05.11.2025

The arti
le was submitted 19.07.2025;

approved after reviewing 06.10.2025; a

epted for publi
ation 05.11.2025

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 4, C. 132-157

Mat. Trudy, 2025, V. 28, N. 4, P. 132-157


